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Abstract:
The admittance of a manipulator can be used to improve robotic assembly. If properly selected, the
admittance will regulate a contact force and use it to guide the parts to proper positioning. In
previous work, procedures for selecting the appropriate admittance for single principal contact (PC)
cases were identified. This paper extends this research for some of the two PC cases-those for
which each contact occurs at a single point. The conditions obtained ensure that the motion that
results from frictionless contact always instantaneously reduces part misalignment. We show that,
for bounded misalignments, if an admittance satisfies the misalignment-reducing conditions at a
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finite number of contact configurations, then the admittance will also satisfy the conditions at all
intermediate configurations.

Keywords: spatial admittance, Assembly, compliance selection, multiple-point contact
SECTION I. Introduction
In robotic assembly, admittance control has been used to provide force regulation and force
guidance. The admittance changes contact forces into changes in the velocity of the body held
by the manipulator. If properly designed, the manipulator admittance will cause the held part
to move toward the desired position, thus correcting misalignment. Here, procedures for
selecting the appropriate manipulator admittance for polyhedral part assembly subtasks are
identified.
A simple form of admittance, a linear admittance control law [1] is considered. For spatial
applications, this admittance behavior has the form
𝐯𝐯 = 𝐯𝐯0 + 𝐀𝐀𝐀𝐀 (1)

where 𝐯𝐯0 is the nominal twist (a six-vector), 𝐰𝐰 is the contact wrench (force and torque)
measured in the body frame (a six-vector), 𝐀𝐀 is the admittance matrix (a 6 × 6 matrix), and 𝐯𝐯 is
the motion of the body.
When the held body is in contact with its mating part, the contact force will yield a motion by
control law (1). An admittance design objective is that it achieves force assembly, i.e., for any
given contact state, the admittance always leads to a motion that reduces the misalignment.
Since the error-reducing motion is generated by the contact force, no sensors or actuators are
needed. A desired admittance can be realized with either a passive compliant mechanism
mounted on the end-effector of the manipulator [2] or through robot control [3].
Similar to previous work [4]–[5][6], in this paper, we consider a measure of error based on the
Euclidean distance between an arbitrarily chosen single (fixed) point on the held body and its
location when properly positioned. Since there is no “natural metric” for finite spatial error of a
body, the error measure used is body-specific [7]. Using this measure of misalignment, the
error-reduction condition can be expressed mathematically as
𝐝𝐝𝑇𝑇 𝐯𝐯 = 𝐝𝐝𝑇𝑇 (𝐯𝐯0 + 𝐀𝐀𝐀𝐀) < 0 (2)

where 𝐝𝐝 (a six-vector for spatial motion) is the line vector from the selected point at its
properly mated position to its current position and 𝐰𝐰 is the contact wrench. Force assembly [1]
requires that, at each possible misalignment, the contact force yields a motion that reduces the
misalignment. As such, to achieve an error-reducing motion for a specific contact state,
condition (2) must be satisfied for all possible misalignments in that contact state.
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Since there are an infinite number of configurations within a given contact state, it is impossible
to impose the error-reduction condition (2) on all configurations. Our objective is to identify a
set of conditions that are imposed on the admittance at a finite number of configurations to
ensure error-reducing motion for all configurations associated with a given contact state. Once
these conditions are established, they can be used to guide the search for an appropriate
admittance.
Others addressed the selection of an admittance for assembly [8]–[9][10][11]. The forceassembly approach used in this paper differs from the others' in that: 1) it applies to any two
polyhedral parts and 2) ensures that error-reducing motion is achieved.
This paper is an extension of our previous work [6] in which sufficient conditions imposed on an
admittance were used to ensure the force assembly of polyhedral parts for each of the six
single principal contact (PC) cases. In this paper, conditions on an admittance for parts with two
single-point PCs are identified. The overall admittance selection strategy is based on problem
decomposition. Since for polyhedral parts, the set of assembly contacts can be decomposed
into a set of contact states, the admittance for the assembly can be selected by selecting the
appropriate admittance for each contact state. If sufficient conditions for each contact state in
the assembly task are satisfied simultaneously, successful assembly can be ensured without
having to determine in real time which contact state is being encountered.
In the two-PC cases, due to geometric constraints, the generalized coordinates used in [6] for
each contact point are now coupled. This coupling is highly nonlinear and part geometryspecific. To address this in a rigorous and geometry-independent way, we consider the coupling
that occurs between the two contact forces, but ignore the coupling of the two sets of
coordinates. In doing this, a space of contact configurations larger than possible is considered.
Due to the coupling of the two contact forces, the two sets of conditions developed
independently for each of the two single-PC cases are not equivalent to the set of conditions
developed for the corresponding two-PC case. Thus, in developing the admittance selection
conditions for the two-PC cases, the contact forces associated with each contact are considered
simultaneously.
For two point contact, if we denote 𝐰𝐰𝑖𝑖 as the unit wrench associated with contact point 𝑖𝑖 and
denote 𝜙𝜙𝑖𝑖 as the corresponding magnitude, and
𝐖𝐖 = [𝐰𝐰1 , 𝐰𝐰2 ] ∈ ℝ6×2 , 𝜙𝜙 = [𝜙𝜙1 , 𝜙𝜙2 ]𝑇𝑇 ∈ ℝ2

then, the total contact wrench is

𝐰𝐰 = 𝐖𝐖𝜙𝜙
𝜙𝜙.

Using the reciprocal condition [12], it can be shown that
𝜙𝜙 = −[𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀]−1 𝐖𝐖 𝑇𝑇 𝐯𝐯0 . (3)

The error reduction function can be written as
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𝐹𝐹er = 𝐝𝐝𝑇𝑇 (𝐯𝐯0 + 𝐀𝐀𝐀𝐀𝜙𝜙
𝜙𝜙). (4)

As shown in [4], the error reduction function can be equivalently written as
𝐹𝐹er = (𝐝𝐝𝑇𝑇 𝐯𝐯0 )det(𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀) − 𝐝𝐝𝑇𝑇 𝐀𝐀𝐀𝐀[𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀]∗ 𝐖𝐖 𝑇𝑇 𝐯𝐯0 (5)

where [𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀]∗ denotes the adjugate matrix of 𝐖𝐖 𝑇𝑇 𝐀𝐀𝐖𝐖.

Since 𝐝𝐝 and 𝐰𝐰 are position-dependent, 𝐹𝐹er is a function of configuration. For bounded
configuration variations, those at the extremes are of interest. In this paper, a set of conditions
on the admittance is derived for each contact state such that, if satisfied at the “extremal”
configurations, these conditions ensure error-reducing motion for all configurations associated
with a given contact state.

SECTION II. Configuration Description
The contact states studied here involve two of the single-point contact principal contacts (or
PCs) [13] obtained for polyhedral parts. Single-point contact PCs are of three types: “face
vertex” ({𝑓𝑓 − 𝑣𝑣})) contact, “vertex face” ({𝑣𝑣 − 𝑓𝑓}) contact, and “edge-edge cross” ({𝑒𝑒 − 𝑒𝑒}𝑐𝑐 )
contact. Of the six combinations of two single-point contact PCs, four cases are addressed in
detail. The extension of these procedures to the remaining two cases is only described.

A. Single-PC States
For single-point contact states, the body can translate in the plane of contact and rotate about
the contact point in any direction. As such, five variables describe the relative configuration of
the bodies (the relative position of the contact point using two translational variables and the
relative orientation using three rotational variables).
The description of configuration variation for single-point PCs was established in [4] and is
briefly reviewed next.
1. Orientational Variation
A unit vector 𝐮𝐮, indicating the direction of the rotational axis, and a scalar 𝜃𝜃, indicating the
rotation angle are used to describe orientation variation. The relative orientation of the rigid
body can be described by a 3 × 3 orthogonal matrix 𝐑𝐑 by Rodrigues' formula [14]
𝐑𝐑(𝐮𝐮, 𝜃𝜃) = cos 𝜃𝜃𝐈𝐈 + (1 − cos 𝜃𝜃)𝐮𝐮𝐮𝐮𝑇𝑇 + sin 𝜃𝜃[𝐮𝐮 ×] (6)

where [𝐮𝐮 ×] denotes the antisymmetric matrix associated with the cross product operation
involving 𝐮𝐮.
4

For a finite variation, we place bounds on the maximum angular magnitude 0 ≤ 𝜃𝜃 ≤ 𝜃𝜃𝑀𝑀 but
place no bounds on the direction of the rotation axis 𝐮𝐮.
2. Translational Variation

For bodies in contact at a single point, the location of the contact point can be described by two
parameters 𝛿𝛿 = (𝛿𝛿1 , 𝛿𝛿2 ). The meaning of these variables for each of the principle contacts
considered is described next.
For face-vertex ({𝑓𝑓 − 𝑣𝑣}) contact, a two-dimensional coordinate frame 𝑂𝑂𝑏𝑏 is established on the
held body in the plane of the contact face. Two orthogonal coordinates (𝛿𝛿1 , 𝛿𝛿2 ) are used to
describe translational variation of the rigid body within this contact state as shown in Fig. 1(a).

Fig. 1. Configuration variables for single-point PCs. (a)Face-vertex contact. (b) Vertex-face contact. (c)
Edge-edge cross contact.

For vertex-face ({𝑣𝑣 − 𝑓𝑓}) contact, a 2-D coordinate frame 𝑂𝑂𝑠𝑠 is established on the stationary
part in the plane of the contact face. Again, two orthogonal coordinates (𝛿𝛿1 , 𝛿𝛿2 ) are used to
describe the translational variation of the rigid body within this contact state as shown in
Fig. 1(b).
For edge-edge cross ({𝑒𝑒 − 𝑒𝑒}𝑐𝑐 ) contact, two translational non-orthogonal coordinates
(𝛿𝛿1 , 𝛿𝛿2 )are chosen to describe translational variation along edges 𝐞𝐞1 and 𝐞𝐞2 as shown in
Fig. 1(c).
Since finite configuration variation is considered for each contact state, the variation of each 𝛿𝛿𝑖𝑖
is bounded. By appropriately choosing the coordinate origin (at a central location of contact),
the bounds for 𝛿𝛿𝑖𝑖 can be written as
−Δ𝑖𝑖 ≤ 𝛿𝛿𝑖𝑖 ≤ Δ𝑖𝑖 , 𝑖𝑖 = 1,2.

In summary, configuration variation for each single-point contact state is given by 𝐪𝐪 =
(𝛿𝛿1 , 𝛿𝛿2 , 𝐮𝐮, 𝜃𝜃).
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B. Two-PC States
When the two-PC case is considered, the DOF of the body is reduced. The configuration of the
body can be determined by one of the two sets of the generalized coordinates associated with
the given two single-point contact PCs. In the two sets of coordinates 𝐪𝐪1 and 𝐪𝐪2 , the
orientational variables (𝐮𝐮, 𝜃𝜃) are the same, while the translational variables are not the same
and are not independent. The relationship between the translational variables 𝛿𝛿1 = (𝛿𝛿11 , 𝛿𝛿12 )
and 𝛿𝛿2 = (𝛿𝛿21 , 𝛿𝛿22 ) are determined by the geometric constraints associated with contact. In
the 4-D subspace of (𝛿𝛿
𝛿𝛿1 , 𝛿𝛿2 ), the constrained configuration space is a lower dimensional
manifold. Thus, it would be sufficient if the error-reduction conditions were satisfied only on
the manifold. Since the constraint equations are nonlinear and complicated, the construction of
this manifold or reduction in its dimensionality (i.e., finding a set of independent variables) is
geometry-specific and very difficult.
In order to obtain sufficient conditions (without calculating and solving the equations
associated with the constraints), it is required that the error-reduction conditions are satisfied
not only on the manifold but also in the entire range of variation considered. Thus, all
combinations of 𝛿𝛿𝑖𝑖𝑖𝑖 in the range will be considered regardless how they are related. Therefore,
only the ranges of the four translational variables are considered and each 𝛿𝛿𝑖𝑖𝑖𝑖 is treated as
independent within each variable's range. In doing this, the error-reduction conditions are
enforced in a larger than geometrically possible configuration space. As such, the obtained
conditions are conservatively sufficient for all configurations in the range considered.
As stated previously, it is important to note that, although configuration variables 𝛿𝛿𝑖𝑖𝑖𝑖 are
treated as independent, the contact forces at each contact are dependent. This means that, in
some configurations, contact between part features is assumed to exist despite the fact that
either contact would not occur or parts would interpenetrate for this configuration of the
specific parts. For all two-PC cases considered, the coupling of the contact forces is explicitly
addressed in the calculation of their magnitudes (3). It should also be noted that the errorreduction function, in general, is a nonlinear function of generalized coordinates.

SECTION III. Sufficient Conditions for {𝑓𝑓 − 𝑣𝑣, 𝑓𝑓 − 𝑣𝑣} Contact

As shown in Section II, the relative configuration of the bodies in face-vertex contact is
described by the two sets of translational variables (𝛿𝛿11 , 𝛿𝛿12 ), (𝛿𝛿21 , 𝛿𝛿22 ) and the orientational
variables (𝐮𝐮, 𝜃𝜃). We prove that, if an admittance matrix 𝐀𝐀 satisfies a set of conditions at the
“boundary” points of the configurations, then the 𝐀𝐀 matrix ensures error-reducing motion for
all intermediate configurations 𝛿𝛿𝑖𝑖𝑖𝑖 ∈ �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 � and 𝜃𝜃 ∈ [0, 𝜃𝜃𝑀𝑀 ] (regardless of the direction of
rotation).
To obtain these results, the error-measure vector 𝐝𝐝 and contact forces are expressed as
functions of the configuration variables. Next, the bounds of the contact force magnitudes are
determined by evaluating the functions at the boundary configurations. Then, using the bounds
6

of the force magnitudes, a set of conditions on the admittance for error-reducing motion is
obtained.

A. Error-Measure Vector and Contact Forces
For a single {𝑓𝑓 − 𝑣𝑣} PC i , the contact wrench and the error-measure vector 𝐝𝐝 can be expressed
as functions of (𝛿𝛿𝑖𝑖1 , 𝛿𝛿𝑖𝑖2 , 𝐮𝐮, 𝜃𝜃). As shown in [4], when the held body rotates relative to the
fixtured body about the contact point, the description of the contact wrench does not change
in a body-based coordinate frame. When the held body translates relative to the fixtured body,
the description of the contact wrench changes in a body-based coordinate frame because the
contact point changes (although its direction is constant). Thus, the contact wrench is a
function involving only the translational variables (𝛿𝛿𝑖𝑖1 , 𝛿𝛿𝑖𝑖2 ).

As shown in Fig. 2(a), for an arbitrary face-vertex contact, the direction of the surface normal is
constant in the body frame while the position vector of the contact point 𝐫𝐫 varies. For arbitrary
(𝛿𝛿𝑖𝑖1 , 𝛿𝛿𝑖𝑖2 ), using the same approach presented in [4], 𝐫𝐫𝑖𝑖 can be expressed as
𝐫𝐫𝑖𝑖 = 𝐫𝐫0𝑖𝑖 + 𝛿𝛿𝑖𝑖1 𝐛𝐛𝑖𝑖1 + 𝛿𝛿𝑖𝑖2 𝐛𝐛𝑖𝑖2 (7)

where 𝐫𝐫0𝑖𝑖 is the position vector from the body frame's origin 𝑂𝑂 to the origin of the centrally
located coordinate frame 𝑂𝑂𝑏𝑏𝑏𝑏 , and 𝐛𝐛𝑖𝑖1 and 𝐛𝐛𝑖𝑖2 are unit vectors along the two axes of coordinate
frame 𝑂𝑂𝑏𝑏𝑏𝑏 (constant in body frame). The unit wrench corresponding to the surface normal is
𝐧𝐧𝑖𝑖
𝐰𝐰𝑖𝑖 = �𝐫𝐫 × 𝐧𝐧 � . (8)
𝑖𝑖
𝑖𝑖

Note that in the body frame, the direction of 𝐰𝐰𝑖𝑖 is constant while the last component (the
moment term) is a linear function of 𝛿𝛿𝑖𝑖𝑖𝑖 .

Fig. 2. Face-vertex contact and the coordinate frame.

The line vector 𝐝𝐝 associated with error reduction is also a function of configuration. Since the
configuration can be represented by (𝛿𝛿11 , 𝛿𝛿12 , 𝐮𝐮, 𝜃𝜃) or (𝛿𝛿21 , 𝛿𝛿22 , 𝐮𝐮, 𝜃𝜃), either one can be chosen
to express the vector 𝐝𝐝.
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Let 𝐵𝐵 be the point selected for the error measure and 𝐵𝐵ℎ be the position of 𝐵𝐵 when the body is
properly mated [see Fig. 2(b)], and let 𝐝𝐝′ be the 3-D position vector for error measure from
𝐵𝐵ℎ to 𝐵𝐵 (the first three elements of the line vector 𝐝𝐝). Using the set of variables (𝛿𝛿11 , 𝛿𝛿12 , 𝐮𝐮, 𝜃𝜃),
it is shown [4] that 𝐝𝐝′ can be expressed as
𝐝𝐝′ (𝛿𝛿) = 𝐝𝐝1′ + 𝐝𝐝′𝑏𝑏 − 𝛿𝛿1′

where 𝐝𝐝1′ is the position vector from 𝐵𝐵ℎ to the contact point 𝐶𝐶, 𝐝𝐝′𝑏𝑏 is the position vector from
the frame origin 𝑂𝑂𝑏𝑏 to point 𝐵𝐵 (constant in body frame), and
𝛿𝛿1′ = 𝛿𝛿11 𝐛𝐛11 + 𝛿𝛿12 𝐛𝐛12 .

Again note that 𝐝𝐝1′ is constant in the global coordinate frame while 𝐛𝐛𝑖𝑖 and 𝐝𝐝′𝑏𝑏 are constant in
the body frame. Thus, for an arbitrary orientation (𝐮𝐮, 𝜃𝜃) and 𝛿𝛿1𝑗𝑗 ∈ �−Δ1𝑗𝑗 , Δ1𝑗𝑗 �, the errormeasure three-vector 𝐝𝐝′ is a function of (𝐮𝐮, 𝜃𝜃) and 𝛿𝛿1𝑗𝑗 having the form
𝐝𝐝′ (𝐮𝐮, 𝜃𝜃, 𝛿𝛿) = 𝐑𝐑𝐝𝐝1′ + 𝐝𝐝′𝑏𝑏 − 𝛿𝛿1′

where 𝐑𝐑 is the rotation matrix having the form of (6).

The line vector associated with 𝐝𝐝′ can be calculated as
𝐝𝐝(𝛿𝛿, 𝜃𝜃) = �

𝐝𝐝′𝑏𝑏
𝐑𝐑𝐝𝐝1′
𝛿𝛿1′
�
+
�
�
−
�
� (9)
𝐫𝐫𝐵𝐵 × 𝐑𝐑𝐝𝐝1′
𝐫𝐫𝐵𝐵 × 𝛿𝛿1′
𝐫𝐫𝐵𝐵 × 𝐝𝐝′𝑏𝑏

where 𝐫𝐫𝐵𝐵 is the position vector from the body frame origin 𝑂𝑂 to the error measure point 𝐵𝐵
(constant in body frame).
If we denote
𝐖𝐖 = [𝐰𝐰1 , 𝐰𝐰2 ] ∈ ℝ6×2

then, using (3), the force magnitudes can be determined:
𝜙𝜙1

𝜙𝜙2

=−

=−

�𝐰𝐰2𝑇𝑇 𝐀𝐀𝐀𝐀2 ��𝐰𝐰1𝑇𝑇 𝐯𝐯0 �−�𝐰𝐰1𝑇𝑇 𝐀𝐀𝐰𝐰2 ��𝐰𝐰2𝑇𝑇 𝐯𝐯0 �
det(𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀)

�𝐰𝐰1𝑇𝑇 𝐀𝐀𝐀𝐀1 ��𝐰𝐰2𝑇𝑇 𝐯𝐯0 �−�𝐰𝐰1𝑇𝑇 𝐀𝐀𝐰𝐰2 ��𝐰𝐰1𝑇𝑇 𝐯𝐯0 �
det(𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀)

B. Bounds of the Contact Force Magnitude

.

(10)(11)

In order to obtain the bounds of contact force magnitude, first the denominator of (10) and
(11) is considered. Since 𝐀𝐀 is a symmetric positive semidefinite (PSD) matrix, 𝐀𝐀 can be
decomposed as
𝐀𝐀 = 𝐇𝐇 𝑇𝑇 𝐇𝐇.

If we denote 𝐖𝐖ℎ = 𝐇𝐇𝐇𝐇 = [𝐰𝐰ℎ1 , 𝐰𝐰ℎ2 ] ∈ ℝ2×6 , then

8

𝑇𝑇
𝑇𝑇
𝑇𝑇
det(𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀) = (𝐰𝐰ℎ1
𝐰𝐰ℎ1 )(𝐰𝐰ℎ2
𝐰𝐰ℎ2 ) − (𝐰𝐰ℎ1
𝐰𝐰ℎ2 )2 .

Note that 𝐰𝐰ℎ1 and 𝐰𝐰ℎ2 are six-vectors. If we denote 𝑎𝑎𝑘𝑘 and 𝑏𝑏𝑘𝑘 as the 𝑘𝑘 th components of
𝐰𝐰ℎ1 and 𝐰𝐰ℎ2 , respectively (𝑘𝑘 = 1,2, … ,6), then det(𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀) can be expressed in the form
6

6

det(𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀) = � �(𝑎𝑎𝑘𝑘 𝑏𝑏𝑝𝑝 − 𝑎𝑎𝑝𝑝 𝑏𝑏𝑘𝑘 )2 .
𝑘𝑘=1 𝑝𝑝=1

(12)

Since 𝑎𝑎𝑘𝑘 and 𝑏𝑏𝑘𝑘 are linear functions of 𝛿𝛿𝑖𝑖1 and 𝛿𝛿𝑖𝑖2 , the minimum values of �𝑎𝑎𝑘𝑘 𝑏𝑏𝑝𝑝 − 𝑎𝑎𝑝𝑝 𝑏𝑏𝑘𝑘 � in the
range [−Δ𝑖𝑖1 , Δ𝑖𝑖1 ] and [−Δ𝑖𝑖2 , Δ𝑖𝑖2 ] can be determined. For 𝑘𝑘, 𝑝𝑝 = 1, … ,6, let
Then,

𝛼𝛼𝑘𝑘𝑘𝑘 = min�𝑎𝑎𝑘𝑘 𝑏𝑏𝑝𝑝 − 𝑎𝑎𝑝𝑝 𝑏𝑏𝑘𝑘 �𝛿𝛿𝑖𝑖𝑖𝑖 ∈ �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 �, 𝑖𝑖, 𝑗𝑗 = 1,2�.
2
= 𝛼𝛼.
det(𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀) ≥ � 𝛼𝛼𝑘𝑘𝑘𝑘
𝑘𝑘,𝑝𝑝

Now consider the numerators of 𝜙𝜙1 and 𝜙𝜙2 in (10) and (11). Since each 𝐰𝐰𝑖𝑖 linearly depends on
𝛿𝛿𝑖𝑖𝑖𝑖 , the numerator of 𝜙𝜙1 in (10) can be expressed in the form
𝑁𝑁(𝜙𝜙1 ) = 𝑓𝑓(𝛿𝛿21 , 𝛿𝛿22 )𝑔𝑔(𝛿𝛿11 , 𝛿𝛿12 )

where 𝑓𝑓 is a quadratic function in (𝛿𝛿21 , 𝛿𝛿22 ) and 𝑔𝑔 is a linear function in (𝛿𝛿11 , 𝛿𝛿12 ). The
maximum values of 𝑓𝑓 and 𝑔𝑔 can be analytically determined. Thus, the maximum values of
𝑁𝑁(𝜙𝜙1 ) in the range considered can be obtained. The same reasoning applies to the numerator
of 𝜙𝜙2 .
If we denote

𝛽𝛽1
𝛽𝛽2

= max{(𝐰𝐰2𝑇𝑇 𝐀𝐀𝐰𝐰2 )(𝐰𝐰1𝑇𝑇 𝐯𝐯0 ) − (𝐰𝐰1𝑇𝑇 𝐀𝐀𝐰𝐰2 )(𝐰𝐰2𝑇𝑇 𝐯𝐯0 )}
= max{(𝐰𝐰1𝑇𝑇 𝐀𝐀𝐰𝐰1 )(𝐰𝐰2𝑇𝑇 𝐯𝐯0 ) − (𝐰𝐰1𝑇𝑇 𝐀𝐀𝐰𝐰2 )(𝐰𝐰1𝑇𝑇 𝐯𝐯0 )}

and
𝜙𝜙1𝑀𝑀 =

𝛽𝛽1
𝛼𝛼

, 𝜙𝜙2𝑀𝑀 =

then, the force magnitude at the two contact points

𝛽𝛽2
𝛼𝛼

(13)

𝜙𝜙1 ≤ 𝜙𝜙1𝑀𝑀 , 𝜙𝜙2 ≤ 𝜙𝜙2𝑀𝑀 .
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C. Error-Reduction Condition
Since only small orientational variation is considered, the angular magnitude 𝜃𝜃 is small (≤ 5∘ ).
Thus, the rotation matrix 𝐑𝐑 in (6) can be accurately approximated by
𝐑𝐑(𝐮𝐮, 𝜃𝜃) = 𝐈𝐈 + sin 𝜃𝜃[𝐮𝐮 ×] . (14)

In the following, for an arbitrary wrench (6-D line vector) 𝐰𝐰, we denote 𝐰𝐰 𝐮𝐮× as the cross
product operation of 𝐮𝐮 on 𝐰𝐰, i.e., if 𝐰𝐰 has the form
𝐚𝐚
𝐰𝐰 = �
�
𝐫𝐫 × 𝐚𝐚

then,

𝐮𝐮 × 𝐚𝐚
𝐰𝐰 𝐮𝐮× = �𝐫𝐫 × (𝐮𝐮 × 𝐚𝐚)� . (15)

If we denote

𝐝𝐝′0 = 𝐝𝐝1′ + 𝐝𝐝′𝑏𝑏

and
𝐝𝐝0 = �

𝐝𝐝′0
𝐝𝐝1′
𝛿𝛿1′
�
,
𝐝𝐝
=
�
�
,
𝛿𝛿
=
�
�
1
1
𝐫𝐫𝐵𝐵 × 𝐝𝐝′0
𝐫𝐫𝐵𝐵 × 𝐝𝐝1′
𝐫𝐫𝐵𝐵 × 𝛿𝛿1′

then, using (9) and (14), the error-reduction function (5) can be approximated by
𝐹𝐹er (𝛿𝛿, 𝜃𝜃) = (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐯𝐯0 + (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐀𝐀𝜙𝜙
𝜙𝜙
(16)
𝐮𝐮× 𝑇𝑇
+(𝐝𝐝1 ) (𝐯𝐯0 + 𝐀𝐀𝐀𝐀𝜙𝜙
𝜙𝜙)sin 𝜃𝜃.

For any matrix or vector 𝐐𝐐, let ∥ 𝐐𝐐 ∥ be the conventional norm of 𝐐𝐐. Now consider the norm of
𝐝𝐝1𝐮𝐮× . Since 𝐮𝐮 is a unit vector,
If we denote

∥ 𝐝𝐝1𝐮𝐮× ∥=∥ �

then, the last term in (16)

𝜙𝜙𝑀𝑀
𝑀𝑀

𝐮𝐮 × 𝐝𝐝1′
𝐝𝐝1′
�
∥≤∥
�
� ∥=∥ 𝐝𝐝1 ∥.
𝐫𝐫𝐵𝐵 × (𝐮𝐮 × 𝐝𝐝1′ )
𝐫𝐫𝐵𝐵 × 𝐝𝐝1′
= [𝜙𝜙1𝑀𝑀 , 𝜙𝜙2𝑀𝑀 ]𝑇𝑇 ∈ ℝ2
=∥ 𝐝𝐝1𝑇𝑇 ∥∥ 𝐯𝐯0 ∥ +∥ 𝐝𝐝1𝑇𝑇 𝐀𝐀𝐖𝐖𝜙𝜙
𝜙𝜙𝑀𝑀 ∥

(𝐝𝐝1𝐮𝐮× )𝑇𝑇 (𝐯𝐯0 + 𝐀𝐀𝐀𝐀𝜙𝜙
𝜙𝜙) sin 𝜃𝜃
𝑇𝑇
≤ (∥ 𝐝𝐝1 ∥∥ 𝐯𝐯0 ∥ +∥ 𝐝𝐝1𝑇𝑇 𝐀𝐀𝐀𝐀𝜙𝜙
𝜙𝜙𝑀𝑀 ∥) sin 𝜃𝜃.
≤ Msin 𝜃𝜃𝑀𝑀 .
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Now consider the second term in (16)
(𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐀𝐀𝜙𝜙
𝜙𝜙 = (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 (𝐀𝐀𝐰𝐰1 𝜙𝜙1 + 𝐀𝐀𝐰𝐰2 𝜙𝜙2 ).

It can be seen that the two functions

𝑔𝑔𝑖𝑖 = (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐰𝐰𝑖𝑖 , 𝑖𝑖 = 1,2

are quadratic in 𝛿𝛿𝑖𝑖𝑖𝑖 . Thus, the maximum values of 𝑔𝑔1 and 𝑔𝑔2 can be determined analytically. If
we denote
and define a new function

𝑀𝑀𝑖𝑖 = max�𝑔𝑔𝑖𝑖 �𝛿𝛿𝑖𝑖𝑖𝑖 ∈ �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 �� , 𝑖𝑖 = 1,2

𝑓𝑓 = (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐯𝐯0 + 𝑀𝑀1 𝜙𝜙1𝑀𝑀 + 𝑀𝑀2 𝜙𝜙2𝑀𝑀 + Msin 𝜃𝜃𝑀𝑀 (17)

then, for all configurations considered,

𝐹𝐹er ≤ 𝑓𝑓.

Since 𝑓𝑓 only contains linear terms in (𝛿𝛿11 , 𝛿𝛿12 ), if at the boundary configurations, (±Δ11 , ±Δ12 ),
𝑓𝑓 < 0, then, for all intermediate configurations, the error-reduction condition is satisfied 𝐹𝐹er <
0. Similarly, if the error-measure vector 𝐝𝐝 is expressed in terms of 𝛿𝛿2𝑗𝑗 , the function 𝑓𝑓 will be
linear function of (𝛿𝛿21 , 𝛿𝛿22 ). The condition 𝑓𝑓 < 0 at the corresponding boundary configurations
(±Δ21 , ±Δ22 ) ensure the error-reduction motion of the body. Thus, we have the following.
Proposition 1: For an {𝑓𝑓 − 𝑣𝑣, 𝑓𝑓 − 𝑣𝑣} contact state, if the error-measure vector 𝐝𝐝 is expressed in
terms of (𝛿𝛿𝑖𝑖1 , 𝛿𝛿𝑖𝑖2 ), and at the boundary configurations (±Δ𝑖𝑖1 , ±Δ𝑖𝑖2 ), the function 𝑓𝑓 defined in
(17) is negative, then the admittance will satisfy the error-reduction conditions for all
configurations bounded by 𝛿𝛿𝑖𝑖𝑖𝑖 ∈ �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 � and 𝜃𝜃 ∈ [0, 𝜃𝜃𝑀𝑀 ] where 𝐮𝐮 is arbitrary.
As such, for an {𝑓𝑓 − 𝑣𝑣, 𝑓𝑓 − 𝑣𝑣}contact, to ensure error-reducing motion for all configurations
within the contact state, four conditions need to be satisfied.

SECTION IV. Sufficient Conditions for {𝑣𝑣 − 𝑓𝑓, 𝑣𝑣 − 𝑓𝑓}Contact

For {𝑣𝑣 − 𝑓𝑓, 𝑣𝑣 − 𝑓𝑓} contact, the configuration of the body can be determined by the orientation
of the body (𝐮𝐮, 𝜃𝜃) and the location of one of the two contact points (𝛿𝛿𝑖𝑖1 , 𝛿𝛿𝑖𝑖2 ).

Suppose that 𝜃𝜃 varies within the range of [0, 𝜃𝜃𝑀𝑀 ], and 𝛿𝛿𝑖𝑖𝑖𝑖 varies within the range of �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 �.
We prove that, if an admittance matrix 𝐀𝐀 satisfies a set of conditions determined at the
“boundary” configurations, then the same admittance will ensure that the motion is errorreducing for any intermediate configuration 𝜃𝜃 ∈ [0, 𝜃𝜃𝑀𝑀 ], 𝛿𝛿𝑖𝑖𝑖𝑖 ∈ �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 �.
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To prove the results, we first consider configuration variation in orientation and translation
separately. Then, by combining the two cases, general results are obtained.

A. Configuration Variation in Orientation
Consider only orientational variation of the contact configuration as illustrated in Fig. 3(a). Since
the positions of the two contact points are constant in the body frame, we assume that the
location of one contact vertex of the held body is constant in the face plane, and both the
direction of the error-reduction vector 𝐝𝐝 and the direction of the contact force are changed by
𝜋𝜋
changing the orientation. We prove that, for 𝜃𝜃𝑀𝑀 ≤ 10, if 𝐀𝐀 satisfies a set of conditions at 𝜃𝜃 = 0
(defined at a central orientation), then an error-reducing motion is ensured for all
configurations obtained by rotating about an arbitrary axis 𝐮𝐮 with angle 𝜃𝜃 ≤ 𝜃𝜃𝑀𝑀 .

Fig. 3. Vertex-face contact and the coordinate frame.

Let 𝐰𝐰0 be the contact wrench and 𝐝𝐝0 be the position vector associated with 𝜃𝜃 = 0. Suppose
that at 𝜃𝜃 = 0, an error-reducing motion is obtained, i.e.,
𝐝𝐝0 𝑇𝑇 𝐯𝐯0 + 𝐝𝐝0 𝑇𝑇 𝐀𝐀𝐰𝐰0 < 0.(18)

Consider a rotation given by an angle change 𝜃𝜃 ∈ [0, 𝜃𝜃𝑀𝑀 ] about an axis 𝐮𝐮. If we denote 𝐧𝐧0 as
the surface normal associated with 𝜃𝜃 = 0, then in the body coordination frame, the surface
normal associated with varying (𝐮𝐮, 𝜃𝜃) at contact 𝑖𝑖 is
𝐧𝐧𝑖𝑖 = 𝐑𝐑(𝜃𝜃)𝐧𝐧𝑖𝑖0 (19)

where 𝐑𝐑 is the rotation matrix having the form of (6).

Since contact is frictionless, the contact force is along the surface normal at the contact point.
Thus, the unit contact wrench is
𝐧𝐧𝑖𝑖
𝐑𝐑𝐧𝐧𝑖𝑖0
𝐰𝐰𝑖𝑖 (𝜃𝜃) = �𝐫𝐫 × 𝐧𝐧 � = �
� (20)
𝐫𝐫𝑖𝑖 × 𝐑𝐑𝐧𝐧𝑖𝑖0
𝑖𝑖
𝑖𝑖
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where 𝐫𝐫𝑖𝑖 is the position vector from the origin of the body frame to the contact point 𝑖𝑖
(constant in body frame).
Since the orientational variation considered corresponds to pure rotation about one contact
point 𝐶𝐶, the error-measure three-vector 𝐝𝐝′ for an intermediate configuration can be expressed
in the body frame as
𝐝𝐝′ = 𝐑𝐑𝐝𝐝1′ + 𝐝𝐝′2

where 𝐝𝐝1′ is the position three-vector from 𝐵𝐵ℎ to the contact point 𝐶𝐶 and 𝐝𝐝′2 is the position
three-vector from 𝐶𝐶 to point 𝐵𝐵. Note that 𝐝𝐝1′ is a constant in the global frame and 𝐝𝐝′2 is
constant in the body frame. Then, in the body frame, the line vector associated with 𝐝𝐝′ is
obtained as
𝐝𝐝(𝜃𝜃) = �

𝐑𝐑𝐝𝐝1′
𝐝𝐝′2
𝐝𝐝′
�+�
� (21)
′� = �
′
𝐫𝐫𝐵𝐵 × 𝐝𝐝
𝐫𝐫𝐵𝐵 × 𝐑𝐑𝐝𝐝1
𝐫𝐫𝐵𝐵 × 𝐝𝐝′2

where 𝐫𝐫𝐵𝐵 is the position vector from the body frame origin to point 𝐵𝐵.

Using the rotation matrix in (14), the contact wrench (20) and the error-measure vector (21)
can be accurately approximated by
𝐰𝐰𝑖𝑖
𝐝𝐝

𝐮𝐮×
= 𝐰𝐰0𝑖𝑖 + 𝐰𝐰0𝑖𝑖
sin 𝜃𝜃
(22)(23)
𝐮𝐮×
= 𝐝𝐝0 + 𝐝𝐝1 sin 𝜃𝜃

where 𝐝𝐝0 is the line vector associated with vector 𝐝𝐝1′ + 𝐝𝐝′2 and position 𝐫𝐫𝐵𝐵 .
Substituting (22) and (23) into 𝐹𝐹er (5) yields

𝐹𝐹er = 𝐹𝐹(0)er + 𝐹𝐹1 sin 𝜃𝜃 + 𝐹𝐹2 sin2 𝜃𝜃 + ⋯ + 𝐹𝐹5 sin5 𝜃𝜃 (24)

𝐮𝐮×
𝐮𝐮×
where 𝐹𝐹𝑖𝑖 is a function involving 𝐰𝐰0𝑖𝑖
and 𝐝𝐝1𝐮𝐮× . Since 𝐮𝐮 is a unit vector, ∥ 𝐰𝐰0𝑖𝑖
∥≤∥ 𝐰𝐰0𝑖𝑖 ∥ and ∥
𝐮𝐮×
𝐝𝐝1 ∥≤∥ 𝐝𝐝1 ∥. Thus, the bound for 𝐹𝐹𝑖𝑖 can be determined.

For small 𝜃𝜃 ≤ 5∘ , terms containing sin𝑚𝑚 𝜃𝜃 for 𝑚𝑚 ≥ 2 can be neglected. For this approximation,
only the bound on F1 is needed. By explicit calculation, 𝐹𝐹1 can be expressed in the form
𝐹𝐹1 = 𝐝𝐝1𝐮𝐮× ⋅ 𝐯𝐯0 + � 𝑐𝑐𝑖𝑖𝑖𝑖 �𝐰𝐰𝑖𝑖𝑇𝑇 𝐀𝐀𝐰𝐰𝑗𝑗𝐮𝐮× �
𝑖𝑖,𝑗𝑗

where each 𝑐𝑐𝑖𝑖𝑖𝑖 is a function of the admittance 𝐀𝐀. Thus,
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|𝐹𝐹1 | = |𝐝𝐝1𝐮𝐮× ⋅ 𝐯𝐯0 | + � �𝑐𝑐𝑖𝑖𝑖𝑖 � ⋅ �𝐰𝐰𝑖𝑖𝑇𝑇 𝐀𝐀𝐰𝐰𝑗𝑗𝐮𝐮× �
𝑖𝑖,𝑗𝑗

≤∥ 𝐝𝐝1 ∥⋅∥ 𝐯𝐯0 ∥ + � �𝑐𝑐𝑖𝑖𝑖𝑖 � ⋅∥ 𝐰𝐰𝑖𝑖 ∥⋅∥ 𝐀𝐀 ∥⋅∥ 𝐰𝐰𝑗𝑗 ∥.

Therefore, if the condition

= 𝐹𝐹1𝑀𝑀 .

𝑖𝑖,𝑗𝑗

𝐹𝐹er (0) + 𝐹𝐹1𝑀𝑀 sin 𝜃𝜃𝑀𝑀 < 0 (25)

is satisfied, then the error-reduction is achieved for any 𝜃𝜃 ∈ [0, 𝜃𝜃𝑀𝑀 ] and 𝐮𝐮 in any direction.

B. Configuration Variation in Translation

In this case, only translation in the contact face is allowed. Thus, the contact force does not
change in the body frame, and the error-measure vector 𝑑𝑑 at an intermediate configuration is a
convex combination of 𝐝𝐝 's measured at the four boundary points. Similar to the single PC
{𝑣𝑣 − 𝑓𝑓} case [6], it can be proved that if at two configurations (−Δ1 , 𝛿𝛿2 ) and (Δ1 , 𝛿𝛿2 ), the errorreduction condition is satisfied, then the error-reduction condition must be satisfied for all
intermediate configurations (𝛿𝛿1 , 𝛿𝛿2 ) with 𝛿𝛿1 ∈ [−Δ1 , Δ1 ]. The same result holds true for
variation in 𝛿𝛿2 while 𝛿𝛿1 is constant.

C. General Case

Using the same procedure presented in [4], the results presented in Section IV-A and Section IVB can be generalized to intermediate vertex-face contact configurations involving both
translational and orientational variations from configurations at which the conditions were
imposed. Thus, we have the following.
Proposition 2: For a {𝑣𝑣 − 𝑓𝑓, 𝑣𝑣 − 𝑓𝑓} contact state with variation of orientation [0, 𝜃𝜃𝑀𝑀 ] and
variation of translation �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 �, if inequality (25) is satisfied at the translational boundary
points (±Δ11 , ±Δ12 ), (±Δ21 , ±Δ22 ), then the admittance will satisfy the error-reduction
condition for all configurations bounded by 𝛿𝛿𝑖𝑖𝑖𝑖 ∈ �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 �, and 𝜃𝜃 ∈ [0, 𝜃𝜃𝑀𝑀 ] in any rotation
direction.
Therefore, for a {𝑣𝑣 − 𝑓𝑓, 𝑣𝑣 − 𝑓𝑓} contact state, to ensure that the motion response due to
contact is error reducing for all configurations considered, eight conditions need be satisfied.

SECTION V. Sufficient Conditions for {𝑓𝑓 − 𝑣𝑣, 𝑣𝑣 − 𝑓𝑓} Contact

Later, for {𝑓𝑓 − 𝑣𝑣, 𝑣𝑣 − 𝑓𝑓} contact, a set of conditions are identified that, when satisfied for a
given admittance matrix 𝐀𝐀 at the “boundary” points, ensures error-reducing motion for all
intermediate configurations 𝜃𝜃 ∈ [0, 𝜃𝜃𝑀𝑀 ], 𝛿𝛿𝑖𝑖 ∈ [−Δ𝑖𝑖 , Δ𝑖𝑖 ]. The procedure is similar to that for the
{𝑓𝑓 − 𝑣𝑣, 𝑓𝑓 − 𝑣𝑣} case.

14

First, the bounds for the contact force magnitudes are estimated. Then, based on the bounds
contact force magnitudes, a new linear function 𝐹𝐹 is constructed such that it bounds the errorreduction functions 𝐹𝐹er ≤ 𝐹𝐹 for all configurations. By evaluating the function 𝐹𝐹 at the boundary
configurations, the set of conditions on the admittance for error reduction is obtained.
To determine the bounds of contact force magnitudes, (12) is used. The denominator of 𝜙𝜙𝑖𝑖 in
(10) and (11), 𝐷𝐷(𝜙𝜙𝑖𝑖 ), can be expressed as
𝐷𝐷(𝜙𝜙𝑖𝑖 ) = det (𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀) = ∑(𝑎𝑎𝑘𝑘 𝑏𝑏𝑝𝑝 − 𝑎𝑎𝑝𝑝 𝑏𝑏𝑘𝑘 )2 .

For {𝑓𝑓 − 𝑣𝑣} contact, the contact wrench has the form

𝐧𝐧1
𝐰𝐰1 = �(𝐫𝐫 + 𝛿𝛿 𝐛𝐛 + 𝛿𝛿 𝐛𝐛 ) × 𝐧𝐧 � .(26)
01
11 11
12 12
1

For {𝑣𝑣 − 𝑓𝑓} contact, the contact wrench has the form
𝐰𝐰2 = �

𝐑𝐑𝐧𝐧2
�.
𝐫𝐫2 × 𝐑𝐑𝐧𝐧2

Let 𝐰𝐰20 be the unit contact wrench (constant) at the initial configuration. Using (14), 𝐰𝐰2 can be
written as
𝐮𝐮×
𝐰𝐰2 = 𝐰𝐰20 + 𝐰𝐰20
sin 𝜃𝜃 . (27)

Substituting (26) and (27) into (12), the corresponding 𝑎𝑎𝑘𝑘 and 𝑏𝑏𝑘𝑘 have the form
𝑎𝑎𝑘𝑘
𝑏𝑏𝑘𝑘

= 𝑎𝑎𝑘𝑘1 𝛿𝛿11 + 𝑎𝑎𝑘𝑘2 𝛿𝛿12 + 𝑎𝑎𝑖𝑖0
(28)(29)
= 𝑏𝑏𝑘𝑘1 (𝐮𝐮) sin 𝜃𝜃 + 𝑏𝑏𝑘𝑘0 .

Thus, 𝑓𝑓𝑘𝑘𝑘𝑘 = �𝑎𝑎𝑘𝑘 𝑏𝑏𝑝𝑝 − 𝑎𝑎𝑝𝑝 𝑏𝑏𝑘𝑘 �can be written in the form

𝑓𝑓𝑘𝑘𝑘𝑘 = (𝑐𝑐1 𝛿𝛿11 + 𝑐𝑐2 𝛿𝛿12 + 𝑐𝑐3 ) sin 𝜃𝜃 + 𝑐𝑐0 (30)

where the coefficients ci are functions of the admittance 𝐀𝐀 and rotation variable 𝐮𝐮.

For any given rotation direction 𝐮𝐮, the maximum and minimum values of 𝑓𝑓𝑘𝑘𝑘𝑘 occur at the
boundary points of the configurations considered. Let 𝑃𝑃𝐵𝐵 be the set of all boundary points.
Then, at a point (𝛿𝛿𝑖𝑖𝑖𝑖 , 𝜃𝜃𝑚𝑚 ) ∈ 𝑃𝑃𝐵𝐵 , 𝑓𝑓𝑘𝑘𝑘𝑘 is a linear function of 𝐮𝐮. Thus, the maximum and minimum
of 𝑓𝑓𝑘𝑘𝑘𝑘 (𝛿𝛿𝑖𝑖𝑖𝑖 , 𝜃𝜃𝑚𝑚 ) can be determined.
Let 𝑓𝑓𝑚𝑚𝑘𝑘𝑘𝑘 be the minimum of �𝑓𝑓𝑘𝑘𝑘𝑘 (𝛿𝛿𝑖𝑖𝑖𝑖 , 𝜃𝜃𝑚𝑚 )� for all 𝐮𝐮 at (𝛿𝛿𝑖𝑖𝑖𝑖 , 𝜃𝜃𝑚𝑚 ) and let

then,

𝛼𝛼𝑘𝑘𝑘𝑘 = min �𝑓𝑓𝑚𝑚𝑘𝑘𝑘𝑘 , (𝛿𝛿
𝛿𝛿, 𝜃𝜃) ∈ 𝑃𝑃𝐵𝐵 �
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2
det(𝐖𝐖 𝑇𝑇 𝐀𝐀𝐀𝐀) ≥ ∑𝛼𝛼𝑘𝑘𝑘𝑘
= 𝛼𝛼.

Consider 𝜙𝜙1 in (10). Using (26) and (27), the numerator of 𝜙𝜙1 , 𝑁𝑁(𝜙𝜙1 ), can be expressed as
𝑁𝑁(𝜙𝜙1 )

= (𝜆𝜆1 sin2 𝜃𝜃 + 𝜆𝜆2 sin 𝜃𝜃 + 𝜆𝜆3 )𝛿𝛿11
+(𝜆𝜆4 sin2 𝜃𝜃 + 𝜆𝜆5 sin 𝜃𝜃 + 𝜆𝜆6 )𝛿𝛿12 + 𝜆𝜆0

where the coefficients 𝜆𝜆𝑖𝑖 are functions of the admittance 𝐀𝐀. The maximum value of 𝑁𝑁(𝜙𝜙1 ), 𝛽𝛽1,
can be determined.
Similarly, the numerator of 𝜙𝜙2 , 𝑁𝑁(𝜙𝜙2 ), can be expressed as

2
2
𝑁𝑁(𝜙𝜙2 ) = (𝜉𝜉1 𝛿𝛿11
+ 𝜉𝜉2 𝛿𝛿12
+ 𝜉𝜉3 𝛿𝛿11 𝛿𝛿12 + 𝜉𝜉4 𝛿𝛿11 + 𝜉𝜉5 𝛿𝛿12 ) sin 𝜃𝜃
+𝜉𝜉0

where each coefficient 𝜉𝜉𝑖𝑖 is a function of 𝐀𝐀 and linearly depends on 𝐮𝐮. The maximum value of
𝑁𝑁(𝜙𝜙2 ), 𝛽𝛽2, can be determined.
Let

then, for any configuration,

𝜙𝜙1𝑀𝑀 =

𝛽𝛽1
𝛽𝛽2
, 𝜙𝜙2𝑀𝑀 =
𝛼𝛼
𝛼𝛼

𝜙𝜙1 ≤ 𝜙𝜙1𝑀𝑀 , 𝜙𝜙2 ≤ 𝜙𝜙2𝑀𝑀 .

Now consider the term: 𝑓𝑓𝑖𝑖 = 𝐝𝐝𝑇𝑇 𝐀𝐀𝐰𝐰𝑖𝑖 . Based on the {𝑓𝑓 − 𝑣𝑣} contact point 𝐶𝐶, the error-measure
vector 𝐝𝐝 can be expressed as a function of (𝛿𝛿11 , 𝛿𝛿12 ) and (𝐮𝐮, 𝜃𝜃)
𝐝𝐝 = 𝐝𝐝0 + 𝐝𝐝1𝐮𝐮× sin 𝜃𝜃 − 𝛿𝛿1

where 𝐝𝐝0 is the line vector defined in (23). Substituting the aforementioned equation and (27)
into 𝑓𝑓2 yields
𝑓𝑓2

If we denote

𝐮𝐮×
= (𝐝𝐝0 + 𝐝𝐝1𝐮𝐮× sin 𝜃𝜃 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀(𝐰𝐰20 + 𝐰𝐰20
sin 𝜃𝜃)
𝐮𝐮×
𝐮𝐮×
𝐮𝐮×
𝑇𝑇
𝑇𝑇
= (𝐝𝐝1 𝐀𝐀𝐰𝐰20 + 𝐝𝐝0 𝐀𝐀𝐰𝐰20 − 𝛿𝛿1 𝐀𝐀𝐰𝐰20 ) sin 𝜃𝜃
𝐮𝐮×
sin2 𝜃𝜃 + (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐰𝐰20 .
+𝐝𝐝1𝐮𝐮× 𝐀𝐀𝐰𝐰20

𝑀𝑀1
𝑀𝑀2

=∥ 𝐝𝐝1 ∥⋅∥ 𝐀𝐀𝐰𝐰20 ∥
= (∥ 𝐝𝐝1 ∥ +∥ 𝐝𝐝0 ∥ +𝛿𝛿1𝑀𝑀 ) ∥ 𝐀𝐀𝐰𝐰20 ∥

where 𝛿𝛿1𝑀𝑀 is the maximum value of ∥ 𝛿𝛿1 ∥, then,

𝑓𝑓2 ≤ (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐰𝐰20 + 𝑀𝑀1 sin2 𝜃𝜃𝑀𝑀 + 𝑀𝑀2 sin 𝜃𝜃𝑀𝑀 .
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Similarly, for 𝑓𝑓1 , we have

𝑓𝑓1

= (𝐝𝐝0 + 𝐝𝐝1𝐮𝐮× sin 𝜃𝜃 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐰𝐰1
= (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐰𝐰1 + (𝐝𝐝1𝐮𝐮× )𝑇𝑇 𝐀𝐀𝐰𝐰1 sin 𝜃𝜃.

Since 𝐰𝐰1 linearly depends on (𝛿𝛿11 , 𝛿𝛿12 ), the maximum value of ∥ 𝐰𝐰1 ∥ can be determined on
the boundary of (𝛿𝛿11 , 𝛿𝛿12 ). Let 𝑤𝑤1𝑀𝑀 = 𝑚𝑚𝑚𝑚𝑚𝑚{∥ 𝐰𝐰1 ∥} and 𝑀𝑀3 =∥ 𝐝𝐝1 ∥⋅∥ 𝐀𝐀 ∥ 𝑤𝑤1𝑀𝑀 , then,
𝑓𝑓1 ≤ (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐰𝐰1 + 𝑀𝑀3 sin 𝜃𝜃𝑀𝑀 .

Now consider the function defined by
𝐹𝐹

= [(𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐰𝐰20 + 𝑀𝑀1 sin2 𝜃𝜃𝑀𝑀 + 𝑀𝑀2 sin 𝜃𝜃𝑀𝑀 ]𝜙𝜙1𝑀𝑀
+[(𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐀𝐀𝐰𝐰1 + 𝑀𝑀3 sin 𝜃𝜃𝑀𝑀 ]𝜙𝜙2𝑀𝑀 + (𝐝𝐝0 − 𝛿𝛿1 )𝑇𝑇 𝐯𝐯0 . (31)

Then, for a configuration in the considered range,

𝐹𝐹er ≤ 𝐹𝐹. (32)

Thus, if the condition 𝐹𝐹 ≤ 0 is satisfied, then the error-reduction motion is ensured for all
configurations considered. Note 𝐹𝐹 in (31) is a quadratic polynomial in (𝛿𝛿11 , 𝛿𝛿12 ), and sufficient
conditions for 𝐹𝐹 < 0 can be obtained.
Consider the linear equations defined by

∂𝐹𝐹
∂𝐹𝐹
= 0,
= 0.
∂𝛿𝛿11
∂𝛿𝛿12

′
′
Let 𝛿𝛿11
and 𝛿𝛿12
be the root of the aforementioned equations. Then, the following conditions
ensure that the function 𝐹𝐹 does not change sign in the range of (−Δ11 , Δ11 ), (−Δ12 , Δ12 )
′ |
′ |
|𝛿𝛿11
> Δ11 , |𝛿𝛿12
> Δ12 . (33)

Therefore, we have the following.

Proposition 3: For an {𝑓𝑓 − 𝑣𝑣, 𝑣𝑣 − 𝑓𝑓} contact state, if: 1) at any one of the boundary points
(±Δ11 , ±Δ12 ), the function 𝐹𝐹 defined in (31) is negative and 2) conditions in (33) are satisfied,
then the admittance will satisfy the error-reduction condition for all configurations bounded by
𝛿𝛿𝑖𝑖𝑖𝑖 ∈ �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 � and rotation in an arbitrary direction with angle 𝜃𝜃 ≤ 𝜃𝜃𝑀𝑀 .

As such, for a {𝑓𝑓 − 𝑣𝑣, 𝑣𝑣 − 𝑓𝑓} contact state, to ensure that the motion response due to contact is
error reducing for all configurations considered, four conditions need to be satisfied.

17

SECTION VI. Sufficient Conditions for {𝑒𝑒 − 𝑒𝑒, 𝑒𝑒 − 𝑒𝑒} Contact

In order to obtain the error-reduction function, the contact wrench and the error-measure
vector 𝐝𝐝 are first expressed in terms of 𝛿𝛿𝑖𝑖 and 𝜃𝜃. Similar to the process described in Section V, a
new function 𝐹𝐹 is constructed to bound the error-reduction function 𝐹𝐹er . Since the constructed
function linearly depends on the the configuration coordinates 𝛿𝛿𝑖𝑖𝑖𝑖 , error-reduction conditions
are obtained by evaluating the function at the boundary configurations.
For an edge-edge cross contact state as shown in Fig. 4, the direction of the contact force is
along the common normal of the two edges. Let 𝐞𝐞1 and 𝐞𝐞2 be the two unit vectors along the
two edges, respectively, then, the direction of the force must be 𝐧𝐧 = 𝐞𝐞1 × 𝐞𝐞2. Note that 𝐞𝐞1 is
constant in the body frame while 𝐞𝐞2 is constant in the global frame. When the held body
rotates relative to the fixtured body about the contact point 𝐶𝐶, the vector 𝐞𝐞2 in the body frame
can be expressed as 𝐑𝐑𝐞𝐞2 where 𝐑𝐑 is the rotation matrix. When the held body translates relative
to the fixtured body along 𝐞𝐞1 as shown in Fig. 4, the description of the contact wrench changes
in a body-based coordinate frame as the contact point changes (although its direction is
constant). Thus, the contact wrench is a function involving both the translational and
orientational variables (𝛿𝛿𝑖𝑖1 , 𝛿𝛿𝑖𝑖2 , 𝜃𝜃).

Fig. 4. Edge-edge cross contact and the coordinate frame.

For all edge-edge cross contact cases, the direction of the force depends only on the
orientational variation while the position vector of the contact point 𝐫𝐫𝑖𝑖 depends only the
translational variation along the contact edge of the held body 𝐞𝐞𝑖𝑖1 . For arbitrary (𝛿𝛿𝑖𝑖1 , 𝛿𝛿𝑖𝑖2 ), 𝐫𝐫𝑖𝑖
can be expressed as
𝐫𝐫𝑖𝑖 = 𝐫𝐫𝑖𝑖0 + 𝛿𝛿𝑖𝑖1 𝐞𝐞𝑖𝑖1

where 𝐫𝐫𝑖𝑖0 is a vector from the body frame to a centrally located point on the edge 𝐞𝐞𝑖𝑖1
(constant). The unit wrench corresponding to the surface normal has the form of (8).
It can be seen that the direction of 𝐰𝐰1 is determined by 𝐞𝐞11and 𝐞𝐞12 and the last component
(the moment term) is a linear function of 𝛿𝛿11 .
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Let 𝐝𝐝1′ and 𝐝𝐝′2 be the two vectors from 𝐵𝐵ℎ to 𝐶𝐶 and from 𝐶𝐶 to 𝐵𝐵 for (𝛿𝛿, 𝜃𝜃) = (0,0), respectively,
then for arbitrary (𝛿𝛿11 , 𝛿𝛿12 ) with 𝜃𝜃 = 0, the error-measure vector 𝐝𝐝′ is
𝐝𝐝(𝛿𝛿)1′ = 𝐝𝐝1′ + 𝐝𝐝′2 + 𝛿𝛿11 𝐞𝐞11 + 𝛿𝛿12 𝐞𝐞12 , 𝛿𝛿1𝑖𝑖 ∈ [−Δ1𝑖𝑖 , Δ1𝑖𝑖 ].

Note that 𝐝𝐝1′ and 𝐞𝐞12 are constant in the global coordinate frame while 𝐝𝐝′2 and 𝐞𝐞11 are
constant in the body frame. Thus, for an arbitrary orientation (𝐮𝐮, 𝜃𝜃) and 𝛿𝛿1𝑖𝑖 ∈ [−Δ1𝑖𝑖 , Δ1𝑖𝑖 ], the
error-measure three-vector 𝐝𝐝′ is a function of (𝐮𝐮, 𝜃𝜃) and 𝛿𝛿1𝑖𝑖 having the form
𝐝𝐝′ (𝐮𝐮, 𝜃𝜃, 𝛿𝛿) = 𝐑𝐑(𝐝𝐝1′ + 𝛿𝛿12 𝐞𝐞12 ) + 𝐝𝐝′2 + 𝛿𝛿11 𝐞𝐞11

where 𝐑𝐑 is the rotation matrix.
If we denote

𝐞𝐞𝑖𝑖1
𝐞𝐞𝑖𝑖2
𝛿𝛿𝑖𝑖1 = 𝛿𝛿𝑖𝑖1 �𝐫𝐫 × 𝐞𝐞 � , 𝛿𝛿𝑖𝑖2 = 𝛿𝛿𝑖𝑖2 �𝐫𝐫 × 𝐞𝐞 �
𝑖𝑖𝑖𝑖
𝑖𝑖1
𝑖𝑖𝑖𝑖
𝑖𝑖2

and denote 𝐝𝐝𝑖𝑖 as the line vectors associated with 𝐝𝐝′𝑖𝑖 , then the error-measure function 𝐝𝐝 can be
expressed as
𝐝𝐝 = 𝐑𝐑(𝐝𝐝1 + 𝛿𝛿12 ) + 𝐝𝐝2 + 𝛿𝛿11 .

For rotation 𝐑𝐑, the direction of the force at 𝑖𝑖 is

𝐧𝐧𝑖𝑖 = 𝐞𝐞𝑖𝑖1 × 𝐑𝐑𝐞𝐞𝑖𝑖2 , 𝑖𝑖 = 1,2.

The unit contact wrench can be expressed as
𝐰𝐰𝑖𝑖 = �

𝐞𝐞𝑖𝑖1 × 𝐑𝐑𝐞𝐞𝑖𝑖2
�.
𝐫𝐫𝑖𝑖 × (𝐞𝐞𝑖𝑖1 × 𝐑𝐑𝐞𝐞𝑖𝑖2 )

Using (14), the aforementioned equation can be written as
𝐰𝐰𝑖𝑖 = �

𝐞𝐞𝑖𝑖1 × 𝐞𝐞𝑖𝑖2
𝐞𝐞𝑖𝑖1 × (𝐮𝐮 × 𝐞𝐞𝑖𝑖2 )
� + sin 𝜃𝜃 �
� . (34)
(𝐞𝐞
)
𝐫𝐫𝑖𝑖 × 𝑖𝑖1 × 𝐞𝐞𝑖𝑖2
𝐫𝐫𝑖𝑖 × [𝐞𝐞𝑖𝑖1 × (𝐮𝐮 × 𝐞𝐞𝑖𝑖2 )]

Substituting the aforementioned expressions into the error-reduction function (5), we have
𝐹𝐹er = 𝐹𝐹0 + 𝐹𝐹1 sin 𝜃𝜃 + 𝐹𝐹2 sin2 𝜃𝜃 + ⋯ + 𝐹𝐹5 sin5 𝜃𝜃
where 𝐹𝐹𝑖𝑖 are functions of 𝐀𝐀 and 𝐮𝐮.

For small ≤ 5∘ , higher orders than sin2 𝜃𝜃 can be neglected. Thus, the error-reduction function
can be expressed in the form
where

𝐹𝐹er = 𝐹𝐹0 + 𝐹𝐹1 sin 𝜃𝜃 + 𝐹𝐹2 sin2 𝜃𝜃
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𝐹𝐹0
𝐹𝐹𝑖𝑖

= 𝑐𝑐0 + ∑𝑐𝑐𝑖𝑖𝑖𝑖 𝛿𝛿𝑖𝑖𝑖𝑖
= 𝐹𝐹𝑖𝑖 (𝛿𝛿
𝛿𝛿, 𝐮𝐮), 𝑖𝑖 = 1,2.

Using the same process in Section IV-A, the bounds for 𝐹𝐹1 and 𝐹𝐹2 can be obtained
Consider the function defined by

𝐹𝐹1 ≤ 𝑀𝑀1 , 𝐹𝐹2 ≤ 𝑀𝑀2 .

𝐹𝐹 = 𝐹𝐹0 + 𝑀𝑀1 sin 𝜃𝜃𝑀𝑀 + 𝑀𝑀2 sin2 𝜃𝜃𝑀𝑀 .

Then, for any configuration, 𝐹𝐹er ≤ 𝐹𝐹. Note that 𝐹𝐹 is a linear function in 𝛿𝛿𝑖𝑖𝑖𝑖 . Therefore, if at the
boundary points 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 , then for all intermediate configuration, the error-reduction motion is
ensured. Thus, we have the following.
Proposition 4: For a {𝑒𝑒 − 𝑒𝑒, 𝑒𝑒 − 𝑒𝑒} contact state, if at the boundary points (±Δ𝑖𝑖1 , ±Δ𝑖𝑖2 ), the
function 𝐹𝐹 defined in (35) is negative, then the admittance will satisfy the error-reduction
condition for all configurations bounded by 𝛿𝛿𝑖𝑖𝑖𝑖 ∈ �−Δ𝑖𝑖𝑖𝑖 , Δ𝑖𝑖𝑖𝑖 � and rotation in an arbitrary
direction with angle 𝜃𝜃 ≤ 𝜃𝜃𝑀𝑀 .

Therefore, for a {𝑒𝑒 − 𝑒𝑒, 𝑒𝑒 − 𝑒𝑒} contact state, to ensure that the motion response due to contact
is error reducing for all configurations considered, eight conditions need to be satisfied.

SECTION VII. Discussion and Summary
In Sections III, VI, admittance selection conditions for four typical two-PC states each in singlepoint contact were presented. The strategies and procedures can be used for any combination
of two single-contact PCs. In general, for each PC, translational variables 𝛿𝛿𝑖𝑖𝑖𝑖 are chosen based
on the PC's type. Using translational variables 𝛿𝛿𝑖𝑖𝑖𝑖 and orientational variables (𝐮𝐮, 𝜃𝜃), the contact
wrenches 𝐰𝐰𝑖𝑖 and error-measure vector 𝐝𝐝 are obtained and the interaction of the wrenches
from the two PCs is addressed in the calculation of their magnitudes. Then, by (5), the errorreduction function is expressed in terms of �𝛿𝛿𝑖𝑖𝑖𝑖 , 𝐮𝐮, 𝜃𝜃�. The function obtained is a polynomial in
�𝛿𝛿𝑖𝑖𝑖𝑖 , sin 𝜃𝜃� with coefficients being functions of 𝐮𝐮 and the admittance 𝐀𝐀. Based on the nature of
the contact and the properties of the error-reduction function, selection conditions for the
admittance are obtained.
Sections III, VI present results for four of the six combinations of two single-point contact PCs.
The remaining two combinations are similar. Note that both the wrench associated with
{𝑒𝑒 − 𝑒𝑒} contact (34) and the wrench associated with {{𝑣𝑣 − 𝑓𝑓} contact (22) contain only the
linear term in sin 𝜃𝜃. Thus, for {𝑓𝑓 − 𝑣𝑣, 𝑒𝑒 − 𝑒𝑒} contact, the approach presented in Section V for
{𝑓𝑓 − 𝑣𝑣, 𝑣𝑣 − 𝑓𝑓} contact can be used. Similarly, the approach presented in Section VI for
{𝑒𝑒 − 𝑒𝑒, 𝑒𝑒 − 𝑒𝑒} contact can be used for {𝑣𝑣 − 𝑓𝑓, 𝑒𝑒 − 𝑒𝑒} contact.

The admittance selection conditions are obtained by geometric and force analysis of each
contact state. Redundant coordinates 𝛿𝛿𝑖𝑖𝑖𝑖 are used to describe the translational variation. These
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coordinates are treated as independent variables in a large range (without considering the
constraints due to contact). Thus, the conditions obtained are conservative. To make the
conditions less conservative, the range of configuration variables considered can be
decomposed into a number of nonoverlapping subranges, each addressed with equivalent
conditions.
In this paper, a single admittance control law (1) is considered for each contact state. The
sufficient conditions obtained impose conditions on the admittance to ensure error reducing
motion for the entire contact state. Due to uncertainty in identifying which contact state
actually occurs, a single admittance control law (1)could be used for all contact cases, if the
conditions for all contact states were satisfied simultaneously.
In practice, the selection of an appropriate admittance 𝐀𝐀 can be formulated as a search routine
to find an admittance matrix 𝐀𝐀 subject to the appropriate conditions. For instance, an
optimization procedure can be used to find an admittance matrix for which sufficient conditions
such as those described in the paper are used as “constraints.” An example illustrating the
application of error-reduction conditions to obtain a desired admittance was presented in [5]
for a planar case. This procedure applies to the spatial cases as well.
In summary, we have presented conditions for admittance selection of a polyhedral rigid body
for force-guided assembly in cases having two point contact PCs. We have shown that, for these
cases, the admittance control law can be selected based on its behavior at a finite number of
configurations. If the error-reduction conditions are satisfied at these configurations, the error
reduction conditions will be satisfied for all intermediate configurations.
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